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NOTES ON PHASE SPACE QUANTIZATION
J. KIUKAS, P. LAHTI, AND K. YLINEN
Abstrat. We onsider questions related to a quantization sheme in whih a lassial variable
f : Ω → R on a phase spae Ω is assoiated with a semispetral measure Ef , suh that the
moment operators of Ef are required to be of the form Γ(fk), with Γ a suitable mapping
from the set of lassial variables to the set of (not neessarily bounded) operators in some
Hilbert spae. In partiular, we investigate the situation where the map Γ is implemented by
the operator integral with respet to some xed positive operator measure. The phase spae
Ω is rst taken to be an abstrat measurable spae, then a loally ompat unimodular group,
and nally R2, where we determine expliitly the relevant operators Γ(fk) for ertain variables
f , in the ase where the quantization map Γ is implemented by a translation ovariant positive
operator measure. In addition, we onsider the question under what onditions a positive
operator measure is projetion valued.
1. Introdution
Quantization an be any proedure whih assoiates a quantum mehanial observable to a
given lassial dynamial variable. The traditional way to realize a quantization is to assign to
eah lassial variable a Hermitean (symmetri, or even essentially selfadjoint) operator whih
should desribe the quantum observable. In the modern view of a quantum observable as a
semispetral measure, this kind of quantization is no longer suient. The question is how to
modify the traditional sheme in order to t it into the ontext of modern quantum mehanis.
Classial variables an be represented by real valued measurable funtions dened on some
measurable spae (Ω,A), whih is the phase spae of the lassial system. The phase spae an
be taken to be e.g. R2n, in whih ase the variables are Borel funtions. In the onventional
approah to quantization, we would have a map Γ from the set of real measurable funtions to
the set of all linear (not neessarily bounded) operators in H, and Γ(f) would be the observable
orresponding to the lassial variable f (see e.g [9, 15, 28, 32, 33℄). We would like to modify
this sheme so that we ould assign a semispetral measure to the funtion f , instead of an
operator. To do this, we use all the operators Γ(fk), k ∈ N, instead of just the rst one
of them, and then onsider the moment problem of nding the unique semispetral measure
Ef : B(R)→ L(H) with the property that ∫ xkdEf = Γ(fk) for all k ∈ N. Here ∫ xkdEf is the
operator integral L(xk, Ef) of the funtion x 7→ xk with respet to Ef ; see the next Setion for
its denition. So if Γ and f are suh that there exists a unique solution Ef of the desribed
moment problem, then the olletion of the operators {Γ(fk) | k ∈ N} is eligible to represent a
quantization Ef of f .
We mention that the approah desribed above is used, for instane, in [14℄ in the desription
of a quantum measurement. In a typial measurement situation, where one aims to measure
a (traditional) quantum observable represented by a selfadjoint operator, one is atually mea-
suring a noisy or unsharp version of that observable. The noisy version, represented by a
semispetral measure, may agree with the observable intended to be measured, on the statisti-
al level of expetations. The unsharpness of the measurement is reeted in the fat that the
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dispersion of the measurement statistis is atually greater than what would be obtained in the
noiseless ase. The observable, as represented by a semispetral measure, annot be desribed
using a single operator. Aordingly, in the approah of [14℄, eah moment of the measurement
outome distribution is onsidered to be an average of ertain operator, alled operational
observable, and the olletion of these operators then represents the measured observable. We
want to point out that these operational observables are nothing else but the moment oper-
ators of the semispetral measure representing the observable. Note that these moments need
not determine the semispetral measure uniquely. In ertain speial ases, however, they do
[12, 13℄, and sometimes even the rst moment is enough [8, 25℄.
One way to obtain a quantization map Γ is to use the operator integral with respet to
some given positive operator measure E, i.e. dene Γ to be the map f 7→ L(f, E). In this
ase, if we dene Ef on the Borel sets of the real line by B 7→ E(f−1(B)), we have simply
L(xk, Ef) = L(fk, E), as is easily seen by using the denition of the next Setion and the usual
hange of variables in the integral with respet to a omplex measure. So then Ef is a solution
to the moment problem desribed above, whih leaves us with the uniqueness question. Note
that if we hoose E to be a spetral measure, we end up getting only spetral measures as the
quantized observables, with all the operators L(fk, E) mutually ommuting. We also remark
that, in any ase, all the observables obtained via this type of quantization are funtionally
oexistent [26℄, so that they an be measured together in the sense of Ludwig [29, D.3.1, p.
153℄.
The struture of this note is as follows. In the Setion 2 we give some results on the theory
of operator integrals and give a simple haraterization of the quantization maps whih an be
represented by an operator integral with respet to a positive operator measure. In Setion
3, we onsider the operator integral with respet to ovariant positive operator measures on a
loally ompat topologial group. Setion 4 is devoted to the quantizations obtained by using
the ovariant phase spae observables in R2, and in Setion 5, we disuss the optimal hoie
for suh a ovariant observable, in view of quantization. In the last Setion, we onsider the
question under what onditions a positive operator measure is a spetral one.
2. The operator integral
The basi tool in our quantization proedure is the operator integral. It assoiates a linear
(not neessarily bounded) operator in the Hilbert spae H of a quantum system to eah omplex
measurable funtion on the phase spae Ω. In this setion we review the basi results onerning
the theory of operator integrals and give some additional remarks in relation to quantization.
Let Ω be a nonempty set and A a σ-algebra of subsets of Ω. Let H be a omplex Hilbert
spae and L(H) the set of bounded operators on H. Let E : A → L(H) be a positive operator
measure, i.e. a positive operator valued set funtion whih is σ-additive with respet to weak
operator topology. For eah ϕ, ψ ∈ H, let Eψ,ϕ denote the omplex measure B 7→ 〈ψ|E(B)ϕ〉.
We reall that a normalized positive operator measure E is alled a semispetral measure, and
that a semispetral measure E is a spetral measure exatly when E(A ∩ B) = E(A)E(B)
for all A,B ∈ A. As mentioned in the Introdution, semispetral measures are also alled
observables.
Let F(Ω,A), or F(Ω) in brief, denote the set of all omplex A-measurable funtions dened
on Ω, and O(H) the set of all (not neessarily bounded) linear operators in H. For f ∈ F(Ω),
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dene
D(f, E) = {ϕ ∈ H | f is Eψ,ϕ-integrable for eah ψ ∈ H},
and
D˜(f, E) = {ϕ ∈ H | |f |2 is Eϕ,ϕ-integrable}.
The following result was proved in [22℄. The operator L(f, E) appearing in it is alled the
operator integral of f with respet to E.
Theorem 1. (a) The set D(f, E) is a linear (not neessarily dense) subspae of H, and
there is a unique linear operator L(f, E) =
∫
fdE on the domain D(f, E) satisfying
〈ψ|L(f, E)ϕ〉 =
∫
fdEψ,ϕ
for all ψ ∈ H and ϕ ∈ D(f, E).
(b) The set D˜(f, E) is a subspae of D(f, E).
() If f is real valued, L(f, E) is a symmetri operator.
(d) While the inlusion D˜(f, E) ⊂ D(f, E) may in general be proper, D˜(f, E) = D(f, E) in
the ase where E is a spetral measure.
Remark. Sine the operator measure E is also strongly σ-additive, eah set funtion A ∋
B 7→ Eϕ := E(B)ϕ ∈ H, for ϕ ∈ H, is an H-valued vetor measure. The denition of the
operator integral states that D(f, E) is the set of those ϕ ∈ H for whih f is integrable with
respet to the vetor measure Eϕ in the sense of [20, p. 21℄, and L(f, E)ϕ =
∫
fdEϕ for eah
ϕ ∈ D(f, E). As pointed out in [20, p. 37℄, this denition of integrability is equivalent to that
of [10, p. 323℄ (for proof, see [41, Corollary 3.6℄).
The vetor measure approah provides an easy way to haraterize the operator integral
L(f, E) by approximating f with bounded funtions. For eah f ∈ F(Ω), and n ∈ N, let f˜n be
suh that f˜n(x) = f(x) if |f(x)| ≤ n, and f˜n(x) = 0 otherwise. It is a well-known fat that in
the ase where E is a spetral measure, we have
D(f, E) = D˜(f, E) = Df,E := {ϕ ∈ H | lim
n−→∞
L(f˜n, E)ϕ exists}.
In addition, L(f, E)ϕ = limn−→∞ L(f˜n, E)ϕ for all ϕ ∈ Df,E (see e.g. [11, p. 1196℄). In the ase
of a general positive operator measure E, this need not be true. For example, take a probability
measure dened on the Borel sets of R, suh that it has a density whih is an even funtion, and∫∞
0
xdµ(x) =∞. Let E be the positive operator measure B 7→ µ(B)I, and f(x) = x. Now f is
not µ-integrable, so D(f, E) = {0}. But if ϕ ∈ H, we have 〈ψ|L(f˜n, E)ϕ〉 = 〈ψ|ϕ〉
∫ n
−n xdµ(x) =
0 for all n ∈ N and ψ ∈ H beause the density of µ is even, so that Df,E = H.
Thus in the general ase, the existene of the limit limn−→∞ L(f˜n, E)ϕ does not guarantee
that ϕ ∈ D(f, E). However, the following result holds.
Proposition 1. Let E : A → L(H) be a positive operator measure, and f ∈ F(Ω). Then
D(f, E) = {ϕ ∈ H | lim
n−→∞
L(χB f˜n, E)ϕ exists for eah B ∈ A},
and L(f, E)ϕ = limn−→∞ L(f˜n, E)ϕ for all ϕ ∈ D(f, E).
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Proof. Denote by D the right hand side of the set equality appearing in the statement. Let
ϕ ∈ D, and let B ∈ A, with ηB = limn−→∞ L(χB f˜n, E)ϕ. Sine eah f˜n is bounded, we an
hoose a sequene of A-simple funtions gn, suh that |gn(x)− f˜n(x)| ≤ 1n for eah n ∈ N and
x ∈ Ω. Clearly the sequene (gn) onverges to f pointwise. Now
‖L(χBgn − χB f˜n, E)ϕ‖ = sup
‖ψ‖≤1
∣∣∣∣
∫
B
(gn − f˜n)dEψ,ϕ
∣∣∣∣ ≤ 1n sup‖ψ‖≤1 |Eψ,ϕ|(Ω) ≤ 4n‖E(Ω)‖‖ϕ‖,
so that
‖
∫
B
gndEϕ − ηB‖ ≤ 4
n
‖E(Ω)‖‖ϕ‖+ ‖L(χB f˜n, E)ϕ− ηB‖.
It follows that the sequene (
∫
B
gndEϕ) of vetors onverges for eah B ∈ A (to ηB), so by
the denition of [10, p. 323℄, f is integrable with respet to the vetor measure Eϕ, i.e.
ϕ ∈ D(f, E) (see the Remark following Theorem 1). Conversely, let ϕ ∈ D(f, E). Sine
D(f, E) = D(|f |, E) by denition, and for eah B ∈ A the sequene (χB f˜n) onverges to χBf
pointwise, with |χBf˜n| ≤ |χBf |, it follows e.g. from the dominated onvergene theorem for
the vetor measure Eϕ (see [10, p. 328℄) that
L(χBf, E)ϕ =
∫
χBfdEϕ = lim
n−→∞
∫
χB f˜ndEϕ = lim
n−→∞
L(χB f˜n, E)ϕ
for eah B ∈ A. Thus ϕ ∈ D, and L(f, E)ϕ = limn−→∞ L(f˜n, E)ϕ. 
Remark.
(a) We now have the subspae inlusions D˜(f, E) ⊂ D(f, E) ⊂ Df,E, with eah of them
possibly proper. In the ase where E is a spetral measure, both inlusions are equalities.
(b) It is well known that in the ase where E is a spetral measure, the domain D(f, E) is
dense. As seen before Proposition 1, this need not be the ase in general, so a question
arises what is required for E and f to make D(f, E) dense.
() Another dierene to the spetral ase is that for real valued f ∈ F(Ω), the symmetri
operator L(f, E) is not neessarily selfadjoint (the adjoint need not even exist), and
it seems to be diult, in general, to determine when L(f, E) might have selfadjoint
extensions. In the ase where f is positive and D(f, E) dense, the positive symmetri
operator L(f, E) of ourse has its selfadjoint Friedrihs extension.
As noted in the Introdution, the starting point of our quantization sheme is a map Γ from
real valued measurable funtions to the set O(H). The following theorem haraterizes those
maps Γ : F(Ω) → O(H) whih are implemented by an operator integral. The orresponding
result involving bounded funtions is well known. Here the funtions f˜n are dened for eah f
as in Proposition 1.
Theorem 2. A map Γ : F(Ω) → O(H) oinides with the map f 7→ L(f, E) for a (learly
unique) positive operator measure E if and only if the following onditions are satised.
(i) Γ restrited to bounded funtions is a positive linear map with values in L(H);
(ii) if (fn) is an inreasing sequene of positive A-measurable funtions onverging pointwise
to a bounded f ∈ F(Ω), then supn∈N〈ϕ|Γ(fn)ϕ〉 = 〈ϕ|Γ(f)ϕ〉 for eah ϕ ∈ H;
(iii) for eah f ∈ F(Ω), the domain D(Γ(f)) of Γ(f) onsists of those vetors ϕ ∈ H for
whih the sequene (Γ(χB f˜n)ϕ) of vetors onverges for eah B ∈ A.
4
(iv) for eah ϕ ∈ D(Γ(f)), the sequene (Γ(f˜n)ϕ) onverges to Γ(f)ϕ.
Proof. Assume rst that there is a positive operator measure E, suh that Γ(f) = L(f, E)
for eah f . The above properties follow easily: The property (i) is well known (see e.g. [2,
pp. 26-28℄), and (ii) follows from the monotone onvergene theorem. Proposition 1 gives
(iii) and (iv). Next assume that (i)-(iii) hold for a map Γ : F(Ω) → O(H). By (i) the
map A ∋ B 7→ EΓ(B) := Γ(χB) ∈ O(H) is a positive operator valued additive set funtion.
Sine Γ is positive for bounded funtions by (i), supn∈N in ondition of (ii) an be replaed
by limn−→∞. This implies that eah set funtion B 7→ 〈ϕ|EΓ(B)ϕ〉 is a positive measure, so
that EΓ is a positive operator measure. If f ∈ F(Ω) is a bounded positive funtion, we have
〈ϕ|Γ(f)ϕ〉 = 〈ϕ|L(f, EΓ)ϕ〉 for all ϕ ∈ H, as is seen by approximating f with an inreasing
sequene of simple funtions and using linearity, (ii), and the monotone onvergene theorem.
Hene, if f ∈ F(Ω) is bounded, it follows by linearity and polarization that Γ(f) = L(f, EΓ).
Now let f ∈ F(Ω) be arbitrary. It follows by (iii) and Proposition 1 that D(Γ(f)) = D(f, EΓ),
and (sine eah f˜n is bounded), also
L(f, EΓ)ϕ = lim
n−→∞
L(f˜n, E
Γ)ϕ = lim
n−→∞
Γ(f˜n)ϕ = Γ(f)ϕ
for all ϕ ∈ D(Γ(f)) (where (iv) is used), so L(f, EΓ) = Γ(f). 
Remark. In the quantization sheme desribed in the Introdution the lassial variables were
thought to be real valued. Obviously, the preeding Theorem holds also with F(Ω) replaed
by the set of real A-measurable funtions.
We end this setion by disussing briey a simple way of obtaining quantization maps without
the use of positive operator measures. This approah is essentially the one frequently used in
the onventional quantization (e.g. Weyl quantization): the operator orresponding to a given
lassial variable f : R2n → R is obtained by integrating the variable with respet to some
operator valued funtion dened on the phase spae. The quantization of the variable then
beomes a ontinuous distribution valued operator dened on some dense subspae of L2(R),
whih does not depend on the variable itself. In the ase of Weyl quantization, for example,
all the quantized operators are dened on a ommon domain (see e.g. [9, 36℄). However, to
make the situation similar to that of the operator integral map onsidered above, we dene the
quantization map in the following simple way. The proof is a diret adaptation of the proof of
Theorem 1 (a) (see [22℄). Note that it follows from (i) that the integrand in (ii) is A-measurable.
This is so beause ‖ϕ‖ = sup{|〈ψ|ϕ〉| | ψ ∈ M, ‖ψ‖ = 1} for any vetor ϕ ∈ H, where M is
a xed ountable dense set in the separable Hilbert spae H. Hene the integral in (ii) is well
dened.
Proposition 2. Let (Ω,A, µ) be a measure spae, H a separable Hilbert spae, and Λ : Ω →
L(H) a map with the following properties:
(i) ω 7→ 〈ψ|Λ(ω)ϕ〉 is A-measurable for all ψ, ϕ ∈ H;
(ii)
∫
B
‖Λ(ω)ϕ‖dµ(ω) <∞ for eah ϕ ∈ H and B ∈ A with µ(B) <∞.
Then for eah A-measurable funtion f : Ω → C, there exists a linear operator ΓΛ(f) in H,
suh that
D(ΓΛ(f)) = {ϕ ∈ H | f〈ψ|Λ(·)ϕ〉 is µ-integrable for eah ψ ∈ H},
5
and
〈ψ|ΓΛ(f)ϕ〉 =
∫
f(x)〈ψ|Λ(ω)ϕ〉dµ(ω) ψ ∈ H, ϕ ∈ D(ΓΛ(f)).
Proof. It is lear that D(ΓΛ(f)) ⊂ H is a vetor subspae. Let (fn) be a sequene of simple
funtions onverging pointwise to f , with |fn| ≤ |f | for all n ∈ N. Sine |〈ψ|Λ(ω)ϕ〉| ≤
‖ψ‖‖Λ(ω)ϕ‖ for eah ψ, ϕ ∈ H, ω ∈ Ω, it follows from (ii) and (i) that for eah n ∈ N, we have
D(ΓΛ(fn)) = H and the linear funtional ψ 7→
∫
fn(ω)〈ψ|Λ(ω)ϕ〉dµ(ω) is ontinuous for eah
ϕ ∈ H. Hene, for eah n ∈ N and ϕ ∈ H, there is ηϕn ∈ H, suh that
〈ψ|ηϕn〉 =
∫
fn(ω)〈ψ|Λ(ω)ϕ〉dµ(ω)
for all ψ ∈ H. Now, let ϕ ∈ D(ΓΛ(f)). Sine |fn| ≤ |f | for all n, the dominated onvergene
theorem implies that the sequene 〈ψ|ηϕn〉 onverges for eah ψ ∈ H to
∫
f(ω)〈ψ|Λ(ω)ϕ〉dµ(ω),
so by the uniform boundedness theorem and the reexivity of H, there is ΓΛ(f)ϕ ∈ H, suh
that
〈ψ|ΓΛ(f)ϕ〉 =
∫
f(ω)〈ψ|Λ(ω)ϕ〉dµ(ω)
for all ψ ∈ H. Clearly, the map D(ΓΛ(f)) ∋ ϕ 7→ ΓΛ(f)ϕ ∈ H is linear, so the proof is
omplete. 
Remark. Consider the situation where we have a loally ompat unimodular topologial
group G, with a left Haar measure µ, and a strongly ontinuous projetive unitary repre-
sentation U : G → U(H). Then, for any A ∈ L(H), the map Λ : G → L(H), dened by
Λ(g) = U(g)AU(g)∗, satises the onditions of the preeding Proposition, so we get the or-
responding quantization map ΓΛ. Notie that in the ase where the representation is square
integrable and A positive, the quantization map ΓΛ an be represented by an operator integral
if and only if A has nite trae. Namely, the ase Tr[A] = ∞ gives D(ΓΛ(χG)) = {0} (see
e.g. [19, Lemma 2℄), while the ase Tr[A] < ∞ leads to the usual quantization map given by
the operator integral with respet to a ovariant positive operator measure (multiplied by some
onstant).
Consider the ase where G = R2, U(g) = U((q, p)) are the Weyl operators, and A is the parity
operator L2(R) ∋ ψ 7→ ψ(−·) ∈ L2(R) (multiplied by a suitable onstant). Now ΓΛ is the Weyl
quantization map. It is well known that for f ∈ L1(R2)∪L2(R2), the operator ΓΛ(f) is bounded.
Moreover, if f ∈ L2(R2), then ΓΛ(f) is a Hilbert-Shmidt operator, and if f is a Shwartz
funtion, then ΓΛ(f) is a trae lass operator (see e.g. [36℄). It is a well known fat that the Weyl
quantizations of the lassial position and momentum variables are the position and momentum
operators Q and P , in the distributional sense. Note, however, that the atual domains of Q
and P are not given by the formula of the preeding theorem. For example, the harateristi
funtion χ[−1,1] is in the domain of Q, but the funtion (q, p) 7→ q〈χ[−1,1]|Λ(q, p)χ[−1,1]〉 is not
(Lebesgue)-integrable, as is easily seen by alulating the expliit form of the funtion.
3. Covariant quantization
We now take the set Ω of the preeding setion to be a loally ompat seond ountable
unimodular topologial group, heneforth denoted as G, and let B(G) denote the Borel σ-
algebra of G. Fix λ to be a Haar measure in G. Let T (H) denote the Banah spae of trae
lass operators on the Hilbert spae H, and let Aut(T (H)) denote the set of linear, positive,
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trae norm preserving bijetions from T (H) onto itself. We onsider it equipped with the
topology given by the funtionals Aut(T (H)) ∋ β 7→ Tr[Aβ(T )] ∈ C, where A ∈ L(H) and
T ∈ T (H).
Assume further that there is a ontinuous group homomorphism β : G→ Aut(T (H)) and a
onstant d > 0, satisfying
(1)
∫
Tr[P1β(g)(P2)]dλ = d for all one-dimensional projetions P1, P2 on H.
We now onsider quantizations onneted to the struture of G given by the homomorphism
β, in the following sense: A map Γ : F(G)→ O(H) with the property that Γ(f) ∈ L(H) for all
bounded funtions f ∈ F(G) is said to be β-ovariant, if β(g)∗(Γ(f)) = Γ(f(g·)) for all g ∈ G
and all bounded funtions f ∈ F(G).
If Γ is suh that it an be represented by the operator integral with respet to an observable
E, (i.e. Γ satises the onditions of Theorem 2), then it is straightforward to verify that Γ is
β-ovariant if and only if the observable E is β-ovariant in the following sense: An observable
E : B(G)→ L(H) is said to be β-ovariant if β(g)∗(E(B)) = E(g−1B) for all g ∈ G, B ∈ B(G).
Covariant observables are essential in quantum mehanis, and hene they have been studied
quite extensively. The anonial examples of ovariant observables are onstruted e.g. in [7℄,
and there are (at least) two ompletely dierent ways to obtain their haraterization: a diret
approah [16, 38, 19℄, whih uses the theory of integration with respet to vetor measures, and
a group theoretial approah [6℄. The most general of these haraterizations is in [6℄. In our
ontext of a unimodular group, the haraterization is given by the following theorem.
Theorem 3. Let T be a positive operator of trae one. Then there is a β-ovariant observable
ET : B(G)→ L(H), suh that
(2) ET (B) = d−1
∫
B
β(g)(T )dλ(g)
in the ultraweak sense for eah B ∈ B(G). Conversely, assume that E : B(G) → L(H) is
a β-ovariant observable. Then there is a unique positive operator T of trae one, suh that
E = ET .
If E is a β-ovariant observable, we all the orresponding trae-one positive operator T the
generating operator for E. Thus, for a β-ovariant observable E, we have
D(f, E) = {ϕ ∈ H | g 7→ f(g)〈ψ|β(g)(T )ϕ〉 is λ-integrable for eah ψ ∈ H}
and
〈ψ|L(f, E)ϕ〉 = d−1
∫
f(g)〈ψ|β(g)(T )ϕ〉dλ(g)
for all ϕ ∈ D(f, E) and ψ ∈ H, where T is the generating operator for E.
Aording to the Wigner theorem, eah β(g) has the form β(g)(T ) = U(g)TU(g)∗ for some
unitary or antiunitary operator U(g), whih is unique up to a phase fator, so that β(g) or-
responds to the assoiated equivalene lass of unitary operators (see e.g. [5, p. 19℄ or [16,
p. 22℄). It follows that, in the ase where G is onneted, the map g 7→ U(g) is a weakly
(Borel) measurable projetive unitary representation of G, where eah U(g) is hosen from the
equivalene lass orresponding to β(g) by means of some (measurable) setion (see [16, p. 23℄
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and [5, pp. 30, 100℄). The relation (1) gives the so-alled square integrability ondition∫
|〈ψ|U(g)ϕ〉|2dλ(g) = d
for all unit vetors ψ, ϕ ∈ H. Clearly, for eah ϕ, ψ ∈ H there is a g ∈ G suh that 〈ψ|U(g)ϕ〉 6=
0. This implies that the losed linear span of {U(g)ϕ | g ∈ G} is dense in H for eah ϕ ∈ H,
whih means that the projetive representation g 7→ U(g) is irreduible. The β-ovariane
ondition for an observable E takes the form U(g)∗E(B)U(g) = E(g−1B) for all g ∈ G,
B ∈ B(G).
Hene, we know that eah ovariant quantization map Γ : F(G) → O(H), whih an be
represented by an operator integral, is of the form Γ = ΓT := L(·, ET ) for some generating
operator T . It is worth noting that in ertain ases the observables produed by the quantization
sheme assoiated with a map ΓT are never spetral measures. Namely, the irreduibility of U
implies the following, perhaps well-known result.
Proposition 3. Assume that G is onneted, and that the projetive representation U assoiated
with β is strongly ontinuous. Let T ∈ T (H) be positive and of trae one. Then the only
projetions in the range of ET are O and I.
Proof. First we notie that if ET (X) is a projetion for some X ∈ B(G) and positive operator
T of trae one, then there is a nonzero ϕ ∈ H, suh that E|ϕ〉〈ϕ|(X) is a projetion. Indeed, let
T be a positive operator of trae one, λ > 0 an eigenvalue of T (so that λ ≤ 1) and ϕ ∈ H an
assoiated eigenvetor. Then we an deompose T as T = λ|ϕ〉〈ϕ| + (1 − λ)T ′, where |ϕ〉〈ϕ|
and T ′ are positive and of trae one, so we an write ET (X) = λE|ϕ〉〈ϕ|(X) + (1 − λ)ET ′(X).
Sine any projetion is an extreme point of the onvex set {A ∈ L(H) | 0 ≤ A ≤ I} (see e.g.
[7, p. 19℄), it follows that if ET (X) is a projetion, then ET (X) = E|ϕ〉〈ϕ|(X).
Hene, it sues to show that for eah unit vetor η ∈ H, the only projetions in the range
of E|η〉〈η| are O and I. Denote T = |η〉〈η|, and assume that there is a projetion P in the range
of ET . Then PET (B) = ET (B)P for all B ∈ B(G) [27℄. Let ϕ ∈ H. Now∫
B
〈ϕ|Pβ(g)(T )ϕ〉dλ(g) =
∫
B
〈ϕ|β(g)(T )Pϕ〉dλ(g)
for all B ∈ B(G). Sine g 7→ 〈ϕ|(Pβ(g)(T )− β(g)(T )P )ϕ〉 is ontinuous, it is thus zero for all
g ∈ G. Hene, Pβ(g)(T ) = β(g)(T )P for all g ∈ G.
Let Uη denote the map g 7→ U(g)η. We then have
P |Uη(g)〉〈Uη(g)| = |Uη(g)〉〈Uη(g)|P
for all g ∈ G.
It follows that for eah g ∈ G, either Uη(g) ∈ P (H) or Uη(g) ∈ P (H)⊥. Let f : G → {0, 1}
be the funtion suh that f(g) = 0 if Uη(g) ∈ P (H) and f(g) = 1 if Uη(g) ∈ P (H)⊥. Then f
is ontinuous, when the set {0, 1} is equipped with the disrete topology. Indeed, let g0 ∈ G.
Sine Uη is ontinuous, W = U
−1
η ({ϕ ∈ H | ‖Uη(g0)−ϕ‖ <
√
2}) is an open set in G ontaining
g0. Assume rst that f(g0) = 0. Sine all vetors Uη(g) are of unit length, it follows that
‖Uη(g)− Uη(g0)‖ =
√
2 whenever f(g) = 1. Hene, f(W ) ⊂ {0}. Similarly, if we assume that
f(g0) = 1, it follows that f(W ) ⊂ {1}. This implies that f is ontinuous. Sine G is onneted,
f annot be a surjetion, so either Uη(g) ∈ P (H) for all g ∈ G, or Uη(g) ∈ P (H)⊥ for all g ∈ G.
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But, due to the irreduibility of the projetive representation U , the losed linear span of the
set {Uη(g) | g ∈ G} is dense in H. This is learly possible only if either P = I or P = O. The
proof is omplete. 
The following observation is another onsequene of the irreduibility of the projetive rep-
resentation assoiated with β. It uses a alulation similar to that appearing e.g. in [40, p.40℄
in a dierent ontext. Part (a) is mentioned also in [39℄.
Proposition 4. Assume that G is onneted and let U be the projetive representation assoi-
ated with β. Let E : B(G)→ L(H) be a β-ovariant observable.
(a) Assume that f ∈ F(G) is suh that D˜(f, E) ⊂ D˜(f(g·), E) for all g ∈ G. Then
U(g)D˜(f, E) = D˜(f, E) for all g ∈ G, and either D˜(f, E) = {0} or D˜(f, E) is dense.
(b) Assume that f ∈ F(G) is suh that D(f, E) ⊂ D(f(g·), E) for all g ∈ G. Then
U(g)D(f, E) = D(f, E) for all g ∈ G, and either D(f, E) = {0} or D(f, E) is dense.
Moreover,
(3) U(g)∗L(f, E)U(g) ⊂ L(f(g·), E)
for all g ∈ G.
Proof. Let T be the positive trae one operator assoiated with E, so that
D˜(f, E) = {ϕ ∈ H | g 7→ |f(g)|2〈ϕ|U(g)TU(g)∗ϕ〉 is λ-integrable };
D(f, E) = {ϕ ∈ H | g 7→ |f(g)||〈ψ|U(g)TU(g)∗ϕ〉| is λ-integrable for all ψ ∈ H}.
For all h, g ∈ G, we have U(h)∗U(g) = c(g, h)U(h−1g), where (h, g) 7→ c(h, g) is some torus
valued funtion, so that U(g)∗U(h) = [U(h)∗U(g)]∗ = c(g, h)−1U(h−1g)∗, and hene
(4) U(h)∗U(g)TU(g)∗U(h) = U(h−1g)TU(h−1g)∗.
(a) Let ϕ ∈ D˜(f, E), and h ∈ G. By the left invariane of the Haar measure and (4), we
have∫
|f(g)|2〈U(h)ϕ|U(g)TU(g)∗U(h)ϕ〉dλ(g) =
∫
|f(g)|2〈ϕ|U(h−1g)TU(h−1g)∗ϕ〉dλ(g)
=
∫
|f(hg)|2〈ϕ|U(g)TU(g)∗ϕ〉dλ(g),
with all the integrands positive. Sine ϕ ∈ D˜(f(h·), E) by assumption, the last integral is nite,
so U(h)ϕ ∈ D˜(f, E). Thus D˜(f, E) is an invariant subspae of the projetive representation
U , implying that the losure D˜(f, E) is a losed invariant subspae of U . It follows from the
irreduibility of U that D˜(f, E) is either trivial or dense. The fat that U(h)D˜(f, E) = D˜(f, E)
follows beause we have U(h−1) = c′(h)U(h)∗ for some torus valued funtion c′. The proof of
(a) is omplete.
(b) Let h ∈ G, ϕ ∈ D(f, E), and ψ ∈ H. Then by using (4) and the assumption, we get∫
|f(g)||〈ψ|U(g)TU(g)∗U(h)ϕ〉|dλ(g) =
∫
|f(g)||〈U(h)U(h)∗ψ|U(g)TU(g)∗U(h)ϕ〉|dλ(g)
=
∫
|f(g)||〈U(h)∗ψ|U(h−1g)TU(h−1g)∗ϕ〉|dλ(g)
=
∫
|f(hg)||〈U(h)∗ψ|U(g)TU(g)∗ϕ〉|dλ(g) <∞,
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so that U(h)ϕ ∈ D(f, E). Thus D(f, E) is an invariant subspae for U , and hene D(f, E) is
either trivial or dense. The fat that U(h)D(f, E) = D(f, E) follows for the same reason as
the orresponding one in (a).
Let h ∈ G. By repeating the preeding alulation without the absolute value signs, we get
〈ψ|L(f, E)U(h)ϕ〉 = 〈U(h)∗ψ|L(f(h·), E)ϕ〉 = 〈ψ|U(h)L(f(h·), E)ϕ〉
for eah ψ ∈ H and ϕ ∈ U(h)∗D(f, E) = D(f, E) ⊂ D(f(h·), E), so that (3) holds. 
Remark.
(a) If we assume D(f, E) = D(f(g·), E) for all g ∈ G, then Proposition 4 (b) gives the strit
operator equality U(g)∗L(f, E)U(g) = L(f(g·), E) for eah g ∈ G, with dense domain
D(f, E). This resembles the ovariane ondition for the observable E.
(b) Sine eah Eψ,ϕ is a nite measure, it is lear that the onditions of Proposition 4 (a)
and (b) are satised e.g. by all funtions f ∈ F(G) with the property that for eah
h ∈ G there are nonnegative onstants Kh and Mh, suh that |f(hg)| ≤ Kh|f(g)|+Mh
for almost all g ∈ G. In the ase where G = R2n (see the beginning of the next Setion),
all polynomials of the form R2n ∋ (x1, . . . , x2n) 7→ p(xi) ∈ R, where p : R → R is a
polynomial and i = 1, . . . , 2n, are like this.
4. Phase spae quantization on R2
Consider the speial ase where G = R2, with λ the Lebesgue measure. Fix {|n〉} to be
an orthonormal basis of H, and let U : L2(R) → H be the unitary operator whih maps
the nth Hermite funtion hn to |n〉. Dene W (q, p) = UW0(q, p)U−1, where (W0(q, p)f)(t) =
ei
1
2
qpeiptf(t + q), and β : R2 → Aut(T (H)) by β(q, p)(T ) = W (−q, p)TW (−q, p)∗. Now β is a
ontinuous qroup homomorphism, satisfying (1), with d = 2pi, and λ the Lebesgue measure of
R2. Let A± be the ladder operators assoiated with the basis {|n〉}, and dene Q and P to be
the losures of the operators
1√
2
(A+ + A−) and 1√2 i(A+ − A−), respetively. Then A+ = A∗−,
and Q and P are unitarily equivalent to the position and momentum operators in L2(R) via
U . Let N denote the selfadjoint operator A+A−.
Aording to the general result desribed above, eah positive operator T of trae one gen-
erates the map f 7→ L(f, ET ), where
ET (B) = d−1
∫
B
β(q, p)(T )dλ(q, p).
The generating operators T of the form T =
∑
n wn|n〉〈n|, where
∑
nwn = 1, and wn ≥ 0 for
eah n, have a speial signiane, as they are the ones for whih ET is ovariant with respet
to the phase shifts also, i.e.
eiθNET ([0,∞)× B)e−iθN = ET ([0,∞)× (B + θ))
for all θ ∈ [0, 2pi) and B ∈ B([0, 2pi)), where R2 = [0,∞) × [0, 2pi) and the sum B + θ is
understood modulo 2pi. (f. [23℄).
Sine (q, p) 7→W (q, p) is a strongly ontinuous projetive representation, and R2 is onneted,
Proposition 3 tells us that the range of ET does not ontain nontrivial projetions. In partiular,
the orresponding quantization sheme annot then produe spetral measures.
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In this Setion, we inspet the possibility of applying the quantization sheme desribed
earlier to the lassial position and momentum variables, using the quantization map ΓT =
L(·, ET ) with various generating operators T . For eah k ∈ N, let xk and yk denote the
funtions (q, p) 7→ qk and (q, p) 7→ pk.
The essential question is whether the operator measures B 7→ ET (B×R) and B 7→ ET (R×B)
are uniquely determined by their respetive moment operator sets {ΓT (xk) | k ∈ N} and
{ΓT (yk) | k ∈ N}. It is known that this is indeed the ase when T is a number state |n〉〈n|,
n ∈ N (see [13℄). In that ase, the operator sets {ΓT (xk) | k ∈ N} and {ΓT (yk) | k ∈ N} are
eligible to represent the quantizations of x and y, respetively. As is well known, the assoiated
quantum mehanial observables are unsharp position and momentum observables.
Our goal here is to expliitly determine the operators ΓT (xk) and ΓT (yk) for ertain generating
operators T .
To begin with, we onsider the square integrability domains. Aording to Proposition 4 and
the assoiated Remark, these sets are either dense or trivial. The following two Propositions
speify them ompletely.
Proposition 5. Let k ∈ N, let η ∈ H be a unit vetor, and denote u = U−1η ∈ L2(R).
(a) D˜(xk, E|η〉〈η|) 6= {0} if and only if η ∈ D(Qk), and in this ase, D˜(xk, E|η〉〈η|) = D(Qk).
(b) The statement of (a) holds true, if x and Q are replaed by y and P .
Proof. Let 0 6= ϕ ∈ H and f = U−1ϕ ∈ L2(R). We get∫
R2
q2kdE|η〉〈η|ϕ,ϕ (q, p) =
1
2pi
∫
q2k
(∫
|〈ϕ|W (−q, p)|η〉|2dp
)
dq
=
∫
q2k
(∫
|F (u(· − q)f)(p)|2dp
)
dq
=
∫
q2k
(∫
|u(t− q)|2|f(t)|2dt
)
dq
=
∫ (∫
q2k|u(t− q)|2|f(t)|2dq
)
dt
=
∫ ∫
(t− q)2k|u(q)|2|f(t)|2dqdt,
where Lemma 2 of [18℄, the unitarity of the Fourier-Planherel operator, and Fubini's theorem
have been used. (Sine all the funtions and measures involved are positive, the alulation is
valid regardless of whether the integrals are nite or not.)
Now the last integral is nite if and only if ϕ and η are both in D(Qk). This is seen as
follows.
Assume rst that the last integral is nite. Then it follows from Fubini's theorem that
t 7→ (t − q)2k|f(t)|2|u(q)|2 is integrable for almost all q, and q 7→ (t − q)2k|u(q)|2|f(t)|2 is
integrable for almost all t. Thus t 7→ t2k|f(t)|2 and q 7→ q2k|u(q)|2 are integrable. (The fat
that t 7→ t2k|f(t)|2 is integrable is seen as follows: Take q ∈ R, suh that |u(q)|2 > 0 and
t 7→ (t − q)2k|f(t)|2|u(q)|2 is integrable. This is possible, sine ‖η‖ > 0, whih implies that
|u(q)|2 > 0 in some non-null set. Then use the fat that there exist positive onstants A,B,M ,
suh that At2k ≤ (t−q)2k ≤ Bt2k for |t| ≥M . The fat that q 7→ q2k|u(q)|2 is integrable follows
similarly, sine we assumed that also ‖ϕ‖ > 0.) Thus f and u are in the domain of the kth
power of the position operator in L2(R), so ϕ, η ∈ D(Qk).
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Conversely, assume that ϕ, η ∈ D(Qk), so that t 7→ t2k|f(t)|2 and q 7→ q2k|u(q)|2 are inte-
grable. Hene also t 7→ |tl||f(t)|2 and q 7→ |ql||u(q)|2 are integrable for all l ≤ 2k, implying
that (t, q) 7→ (t − q)2k|u(q)|2|f(t)|2 is integrable over R2. Thus the last integral of the above
alulation is nite.
We onlude that D˜(xk, Eη) 6= {0} if and only if η ∈ D(Qk), and in this ase, D˜(xk, E|η〉〈η|) =
D(Qk).
The result onerning D˜(yk, E|η〉) is obtained in an analogous manner by using the alulation∫
R2
p2kdEsϕ,ϕ(q, p) =
1
2pi
∫
p2k
(∫
|〈ϕ|W (−q, p)|η〉|2dq
)
dp
=
∫
p2k
(∫
|F−1(Fu(· − p)Ff)(q)|2dq
)
dp
=
∫
p2k
(∫
|Fu(t− p)|2|Ff(t)|2dx
)
dp
=
∫ (∫
p2k|Fu(t− p)|2|Ff(t)|2dp
)
dt
=
∫ ∫
(t− p)2k|Fu(p)|2|Ff(t)|2dpdt,
as well as the fat that P = UF−1U−1QUFU−1. 
Now we onsider the ase of an arbitrary positive operator T of trae one. The following
elementary fat is needed. The proof is inluded for the reader's onveniene.
Lemma 1. Let T be a positive operator of trae one. Let (ηn) be an orthonormal sequene
and (wn) a sequene of nonnegative numbers, suh that T =
∑
nwn|ηn〉〈ηn|. Let A be a losed
operator. Then
∞∑
n=1
wn‖Aηn‖2 <∞,
if and only if A
√
T is a Hilbert-Shmidt operator. (Here we have denoted ‖Aηn‖ =∞ whenever
ηn /∈ D(A), and used the onvention 0 · ∞ = 0.) In partiular, the onvergene of the series is
not dependent on the representation of T in terms of (ηn) and (wn).
Proof. Let S =
∑∞
n=1wn‖Aηn‖2(≤ ∞). Assume rst that S < ∞, so that, in partiular, ηn ∈
D(A) for all those n ∈ N for whih wn > 0. Let ϕ ∈ H. Sine the series
√
T =
∑
n
√
wn|ηn〉〈ηn|
onverges in the operator norm, the vetor series
∑
n
√
wn〈ηn|ϕ〉ηn onverges to
√
Tϕ in the
norm of H. Sine (ηn) is orthonormal, the Cauhy-Shwartz inequality gives∑
n
√
wn|〈ηn|ϕ〉|‖Aηn‖ ≤
√
S‖ϕ‖ <∞,
so also the series
∑
n
√
wn〈ηn|ϕ〉Aηn onverges in norm. Sine A is losed, it follows that√
Tϕ ∈ D(A) and A√Tϕ equals the sum of the latter series. In partiular, D(A√T ) = H.
Now the previous inequality shows that ‖A√Tϕ‖ ≤ √S‖ϕ‖, so A√T is bounded. Clearly∑
ξ∈K ‖A
√
Tξ‖2 = S <∞ if K is an orthonormal basis of H whih inludes all the ηn, so A
√
T
is Hilbert-Shmidt.
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Assume then that A
√
T is a Hilbert-Shmidt operator. Now ηn = w
− 1
2
n
√
Tηn ∈ D(A) if
wn > 0, and S =
∑
ξ∈K ‖A
√
Tξ‖2 < ∞, where K is an orthonormal basis inluding all the
ηn. 
Proposition 6. (a) Let k ∈ N. Then D˜(xk, ET ) 6= {0} if and only if Qk√T is a Hilbert-
Shmidt operator, and in that ase, D˜(xk, ET ) = D(Qk).
(b) The statement in (a) holds true, if x and Q are replaed by y and P .
Proof. Write T in the form T =
∑∞
n=1wn|ηn〉〈ηn|, where
∑
nwn = 1, tn ≥ 0, and (ηn) is an
orthonormal sequene in H. The series onverges in the trae norm, as well as in the operator
norm.
For eah ϕ ∈ H, let Aηϕ,ϕ be the density funtion of the positive measure E|η〉〈η|ϕ,ϕ . Sine the
density funtion of the measure ETϕ,ϕ is
∑
nwnA
ηn
ϕ,ϕ, we have ϕ ∈ D˜(xk, ET ) if and only if the
funtion x2k
∑
n wnA
ηn
ϕ,ϕ is integrable over R
2
. In view of the Proposition 5, it is therefore lear
that D˜(xk, ET ) 6= {0} only if ηn ∈ D(Qk) for all those n ∈ N for whih wn > 0, and that in any
ase, D˜(xk, ET ) ⊂ D(Qk).
Assume now that ηn ∈ D(Qk) for all n ∈ N with wn > 0, and 0 6= ϕ ∈ D(Qk). Let
un = U
−1ηn for eah n. The monotone onvergene theorem and the proof of Proposition 5
imply that∫
x2kdETϕ,ϕ =
∑
n
wn
∫
x2kdEηnϕ,ϕ =
∫ ∫ ∑
n
(t− q)2kwn|un(q)|2|(U−1ϕ)(t)|2dtdq
(regardless of whether the series onverges or not). Now if the above integral is nite (i.e.
ϕ ∈ D˜(xk, ET )), then Fubini's theorem gives that q 7→ (t − q)2k|(U−1ϕ)(t)|2∑n wn|un(q)|2 is
integrable for almost all t, so by the argument similar to that used in the proof of the preeding
Proposition, it follows that
∑
n wn‖Qkηn‖2 =
∫ ∑
nwnq
2k|un(q)|2dq < ∞. On the other hand,
if
∑
n wn‖Qkηn‖2 < ∞, then eah funtion q 7→
∑
nwnq
l|un(q)|2, with l ≤ 2k is integrable,
so that (q, t) 7→ ∑n(t − q)2kwn|un(q)|2|(U−1ϕ)(t)|2 is integrable over R2. (Note that sine we
assumed that ϕ ∈ D(Qk), the funtion t 7→ tl|(U−1ϕ)(t)|2 is integrable for eah l ≤ 2k.) Thus∫
x2kdETϕ,ϕ <∞, so ϕ ∈ D˜(xk, ET ).
We have proved that D˜(xk, ET ) 6= {0} if and only if ηn ∈ D(Qk) for all n ∈ N with wn > 0,
and
∞∑
n=1
wn‖Qkηn‖2 <∞
(where it is understood that ‖Qkηn‖ =∞ if ηn /∈ D(Qk) and we use the onvention 0 ·∞ =∞).
Sine Qk is losed, (a) follows from the preeding Lemma. The statement of (b) is proved
similarly, sine ∫
x2kdETϕ,ϕ =
∫ ∫ ∑
n
wn(t− p)2k|Fun(p)|2|FU−1ϕ(t)|2dpdt,
P = UF−1U−1QUFU−1, and P k is also losed. The proof is omplete. 
Now we proeed to determine the operators L(xk, ET ) and L(yk, ET ) for T =
∑
nwn|ηn〉〈ηn|
satisfying the ondition of the preeding Proposition.
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Theorem 4. (a) Assume that T satises the ondition of the previous Proposition (a).
Then L(xk, ET ) =
∑k
l=0 s
Q
klQ
l
, where sQkl =
(
k
l
)
(−1)k−lTr[Qk−lT ], with eah Qk−lT a
trae lass operator.
(b) The statement in (a) holds true, if (a), x and Q are replaed by (b), y and
P .
Proof. Assume rst that T = |η〉〈η| for η ∈ D(Qk). Denote u = U−1η ∈ L2(R). Dene a
polynomial pη : R→ R by
pη(t) = 〈η|(t−Q)kη〉 =
k∑
l=0
(
k
l
)
(−1)k−l〈η|Qk−lη〉tl.
Sine pη is a polynomial of order k, the operator pη(Q) is selfadjoint, and has the domain
D(Qk). Thus by Proposition 5, we have D(pη(Q)) = D(Qk) = D˜(xk, E|η〉〈η|).
Let ϕ ∈ D˜(xk, E|η〉〈η|) ⊂ D(xk, E|η〉〈η|), and ψ ∈ H. Let f = U−1ϕ, g = U−1ψ. Sine the
funtion
(q, p) 7→ qk〈ψ|W (−q, p)|η〉〈ϕ|W (−q, p)|η〉
is integrable over R2 (by the denition of D(xk, E|η〉〈η|)), we get
〈ψ|L(xk, E|η〉〈η|)ϕ〉 =
∫
R2
qkdE
|η〉〈η|
ψ,ϕ (q, p)
=
1
2pi
∫
qk
(∫
〈ψ|W (−q, p)|η〉〈ϕ|W (−q, p)|η〉dp
)
dq
=
∫
qk
(∫
F (u(· − q)g)(p)F (u(· − q)f)(p)dp
)
dq
=
∫
qk
(∫
u(t− q)g(t)u(t− q)f(t)dt
)
dq
=
∫ (∫
qk|u(t− q)|2dq
)
g(t)f(t)dt
=
∫ (∫
(t− q)k|u(q)|2dq
)
g(t)f(t)dt,
=
∫
〈η|(t−Q)k|η〉g(t)f(t)dt
= 〈ψ|pη(Q)ϕ〉.
The fth equality follows from Fubini's theorem, sine (q, t) 7→ qk|u(t−q)|2g(t)f(t) is integrable
(beause of the Cauhy-Shwarz inequality and the square integrability of the maps (q, t) 7→
|u(t − q)g(t)| and (q, t) 7→ |qku(t − q)f(t)|, the latter being a onsequene of the proof of
Proposition 5.) It follows that pη(Q) ⊂ L(xk, E|η〉〈η|).
The equality pη(Q) = L(xk, E|η〉〈η|) follows from the fat that being selfadjoint, the operator
pη(Q) annot have a proper symmetri extension.
Now we take T =
∑
nwn|ηn〉〈ηn| under the ondition of the preeding Proposition, so that
D˜(xk, ET ) = D(Qk) = D˜(xk, E|ηn〉〈ηn|) for eah n. Let ϕ ∈ D(Qk) and ψ ∈ H, and f, g be as
before.
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Aording to Proposition 1 of [18℄, we have
〈ψ|L(xk, ET )ϕ〉 =
∞∑
n=1
wn〈ψ|L(xk, E|ηn〉〈ηn|)ϕ〉 =
∞∑
n=1
wn〈ψ|pηn(Q)ϕ〉
=
∞∑
n=1
wn
k∑
l=0
(
k
l
)
(−1)k−l〈ηn|Qk−lηn〉〈ψ|Qlϕ〉.
Sine
‖Qk−lηn‖2 =
∫
q2(k−l)|(U−1ηn)(q)|2dq ≤ 1 +
∫
q2k|(U−1ηn)(q)|2dq = 1 + ‖Qkηn‖,
it follows from the preeding Lemma that also eah Qk−l
√
T is dened in all of H and is
a Hilbert-Shmidt operator. Thus eah Qk−lT = Qk−l
√
T
√
T is dened in all of H and is
a bounded operator of trae lass. Thus the series
∑
n wn〈ηn|Qk−lηn〉 onverges (learly to
Tr[Qk−lT ]) for eah l, so
〈ψ|L(xk, ET )ϕ〉 =
k∑
l=0
sQkl〈ψ|Qlϕ〉.
Sine ϕ was arbitrarily hosen from the set D˜(xk, ET ) = D(Qk) and the operator
∑k
l=0 s
Q
klQ
l
is
selfadjoint, we onlude that L(xk, ET ) =
∑k
l=0 s
Q
klQ
l
, and the proof of (a) is omplete.
The statement (b) is proved similarly by using the unitary equivalene of Q and P . 
Remark. As mentioned at the beginning of the Setion, the uniqueness of the operator measure
whih gives the moment operators of Theorem 4, is veried only in the ase where T = |n〉〈n|
for some n. The uniqueness question in the general ase remains open.
We lose this Setion with a remark on an another appliation of our quantization sheme.
Consider the funtion h(q, p) = 1
2
(q2 + p2), i.e. the lassial osillator energy variable. It
is known that for eah n ∈ N, the operators Γ|n〉〈n|(hk), k ∈ N, are the moment operators
of the polar margin of the phase spae observable E|n〉〈n|, and that the marginal observable
is uniquely determined by its moments [12℄. Thus a quantization of h is given by the set
{Γ|n〉〈n|(hk) | k ∈ N} of operators. These operators were determined expliitly in [22℄; they are
ertain polynomials of the usual osillator Hamiltonian
1
2
(Q2 + P 2). The quantized osillator
energy observable is the unsharp number observable (see [4, p. 90℄).
5. Optimal phase spae quantization in R2
Consider the situation of the previous Setion. At least in the ase where T = |n〉〈n|, the
quantizations of the position and momentum variables x and y orresponding to the ovariant
quantization map ΓT = L(·, ET ) are the Cartesian margins of ET , or, equivalently, the sets of
the operators {ΓT (xk) | k ∈ N} and {ΓT (yk) | k ∈ N}. If the margins were projetion valued,
the quantization of e.g. x would just be the spetral measure of L(x, ET ), with eah operator
L(xk, ET ) equal to the orresponding power of L(x, ET ). Although this is not the ase, we
an still try to nd those generating operators T for whih the situation would be in some
sense lose to this ideal situation, where only the rst power of x is needed to determine its
quantization.
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First, we an nd the generating operators T whih give L(x, ET ) = Q and L(y, ET ) = P ,
so as to make the operators ΓT (x) and ΓT (y) equal to the atual position and momentum
operators. In view of Theorem 4, we know that the square integrability domains of L(x, ET )
and L(y, ET ) are nontrivial if and only if Q
√
T and P
√
T are Hilbert-Shmidt operators. In
that ase we have,
L(x, ET ) = Q− Tr[QT ]I;
L(y, ET ) = P − Tr[PT ]I.
So if we assume that the square integrability domains of L(x, ET ) and L(y, ET ) are nontrivial,
we have L(x, ET ) = Q and L(y, ET ) = P exatly when T is suh that Tr[QT ] = Tr[PT ] = 0.
This ours, for example, if we hoose T to be a mixture of number states, i.e. T =
∑
n wn|n〉〈n|.
Then the above Hilbert-Shmidt onditions take the form
∑
n wnn <∞ [18℄.
Consider next the operators ΓT (x2) and ΓT (y2). Aording to Theorem 4, they are given by
L(x2, ET ) = Q2 − 2Tr[QT ]Q + Tr[Q2T ]I;
L(y2, ET ) = P 2 − 2Tr[PT ]P + Tr[P 2T ]I,
provided thatQ2
√
T and P 2
√
T are Hilbert-Shmidt operators (or, equivalently, that D˜(x2, ET )
and D˜(y2, ET ) are nontrivial). In order to make the situation lose to the spetral measure
ase, we would like to minimize the noise operators RT (x) = L(x2, ET )2 − L(x, ET )2 and
RT (y) = L(y2, ET )2 − L(y, ET )2. Now
RT (x) = (Tr[Q2T ]− Tr[QT ]2)I = Var(Q, T )I;
RT (y) = (Tr[P 2T ]− Tr[PT ]2)I = Var(P, T )I,
on the domainsD(Q2) andD(P 2), respetively, where e.g. Var(Q, T ) denotes the variane of the
probability measure pQT := Tr[TE
Q(·)], with EQ the spetral measure of Q. The last equalities
are obtained as follows: Let T =
∑
nwn|ηn〉〈ηn|, pQT = Tr[TEQ(·)], and pQn = 〈ηn|EQ(·)ηn〉,
where EQ is the spetral measure of Q. Now pQT =
∑
n wnp
Q
n , with the series onverging
absolutely in the total variation norm, so we have (by e.g. Lemma 1 of [18℄) that
Tr[Q2T ]− Tr[QT ]2 =
∑
n
wn〈ηn|Q2ηn〉 − (
∑
n
wn〈ηn|Qηn〉)2
=
∑
n
wn
∫
x2dpQn − (
∑
n
wn
∫
xdpQn )
2 =
∫
x2dpQT − (
∫
xdpQT )
2.
Therefore, RT (x) = Var(Q, T ). The result RT (y) = Var(P, T )I follows similarly. Sine
Var(Q, T ) and Var(P, T ) are always positive, we see expliitly that RT (x) and RT (y) are never
zero.
As is well known, the generating operator T an be hosen so that e.g. RT (x) = Var(Q, T )I
is arbitrarily small (in the sense that ‖RT (x)‖ = Var(Q, T ) is suh), but then RT (y) beomes
large, beause of the inequality Var(Q, T )Var(P, T ) ≥ 1
4
. The produt RT (x)RT (y) an reah
its lower bound
1
4
only in the ase where T is a vetor state of minimal unertainty. If we assume
that Tr[QT ] = 0 = Tr[PT ] as disussed before, the operators T that give RT (x)RT (y) = 1
4
are
of the form T = |η〉〈η|, with
(U−1η)(t) = (
√
pi∆q)−
1
2 e
− t2
4(∆q)2 ,
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where ∆q > 0 (in fat, (∆q)2 = Var(Q, |η〉〈η|) [35, p. 92℄. Moreover, we ould require that
RT (x) = RT (y), so as to make the situation symmetri between x and y. This leaves us
with only one generating operator, namely T = |0〉〈0|. Note that this hoie indeed gives
a quantization of position and momentum, for the assoiated operator measure is uniquely
determined by its moment operators (see Remark of Theorem 4).
6. When is a positive operator measure projetion valued?
Let E : B(R) → L(H) be a positive operator measure. If E is a spetral measure, the rst
moment L(x, E) is always selfadjoint on the domain D˜(x, E), and
∫
x2dEϕ,ϕ = ‖L(x, E)ϕ‖2
for all ϕ ∈ D˜(x, E). In the ase of a general positive operator measure, this need not be true,
as the above ase of the Cartesian margins of the phase spae observable ET demonstrates. It
turns out that this ondition is suient for a positive operator E to be a spetral measure.
The proof of this fat an be found in [1, p. 130℄. Sine that proof does not ontain ertain
details whih are perhaps not obvious, we give a (slightly dierent) proof here as part (b) of
the following Proposition.
An adaptation of the steps leading to the result in [31, p. 466℄ gives part (a) of the following
Proposition. For eah k ∈ N, we let L˜(xk, E) denote the restrition of L(xk, E) to D˜(xk, E).
Proposition 7. Let E : B(R)→ L(H) be a positive operator measure, suh that∫
x2dEϕ,ϕ = ‖L(x, E)ϕ‖2
for all ϕ ∈ D˜(x, E).
(a) L˜(xn, E) = L˜(x, E)n for all n ∈ N.
(b) If L˜(x, E) is assumed to be selfadjoint, then E is projetion valued.
Proof. Let P : B(R) → K be a Naimark dilation of E into a spetral measure ating on a
Hilbert spae K. Let V : H → K be the assoiated isometri map, so that E(B) = V ∗P (B)V
for all B ∈ B(R). Denote by PH the projetion V V ∗, ating on K with VH as its range. (Note
that V ∗V is the identity operator of H.) Now L˜(xk, E) = V ∗L(xk, P )V for eah k ∈ N (see
[24℄). Sine P is a spetral measure, we thus have
(5) L˜(xk, E) = V ∗AkV
for all k ∈ N, where A = L(x, P ). Denote E1 = L˜(x, E). We prove by indution that for eah
n ∈ N,
(6) D˜(xn, E) = D(En1 ), and A
nV ϕ = V En1ϕ for all ϕ ∈ D˜(xn, E).
Take rst n = 1, and let ϕ ∈ D˜(x, E) = D(E1) = D(AV ). Sine the measures Eϕ,ϕ and PV ϕ,V ϕ
are the same, and P is a spetral measure, the assumption implies that
‖AV ϕ‖2 =
∫
x2dPV ϕ,V ϕ =
∫
x2dEϕ,ϕ = ‖E1ϕ‖2.
Using (5) and the fat that V is isometri, we thus get
‖AV ϕ‖2 = ‖E1ϕ‖2 = ‖V ∗AV ϕ‖2 = ‖PHAV ϕ‖2.
Sine PH is a projetion, this means that
(7) AV ϕ = PHAV ϕ = V E1ϕ for all ϕ ∈ D˜(x, E) = D(E1),
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i.e. (6) holds for n = 1. Now let k ∈ N, k > 1, and assume that (6) holds for n = k − 1.
Let ϕ ∈ D˜(xk, E). By (5), this implies that V ϕ ∈ D(Ak), so that AV ϕ ∈ D(Ak−1). Sine
ϕ ∈ D˜(xk, E) ⊂ D˜(x, E), it thus follows from (7) that V (E1ϕ) = AV ϕ ∈ D(Ak−1), so (5) and
the indution assumption give E1ϕ ∈ D˜(xk−1, E) = D(Ek−11 ). Hene, ϕ ∈ D(Ek1 ). Conversely,
if ϕ ∈ D(Ek1 ), then ϕ ∈ D˜(x, E) = D(AV ) and E1ϕ ∈ D(Ek−11 ) = D˜(xk−1, E), so AV ϕ =
V (E1ϕ) ∈ D(Ak−1) by (7) and (5), implying that V ϕ ∈ D(Ak), i.e. ϕ ∈ D˜(xk, E). Thus,
D˜(xk, E) = D(Ek1 ). Let ϕ be in this set. Sine now E1ϕ ∈ D(Ek−11 ), the indution assumption
(along with the fat that AV ϕ = V (E1ϕ)) gives
AkV ϕ = Ak−1(AV ϕ) = Ak−1V (E1ϕ) = V Ek−11 (E1ϕ) = V E
k
1ϕ,
ompleting the indution proof of (6).
Let n ∈ N. Now (5) and (6) give L˜(xn, E)ϕ = V ∗AnV ϕ = V ∗V En1ϕ = En1ϕ for all ϕ ∈
D˜(xn, E) = D(En1 ), so L˜(x
n, E) = L˜(x, E)n. This proves (a).
If we assume that L˜(x, E) is selfadjoint, it follows from (7) that PHD(A) ⊂ D(A). This fat
is proved in [34℄, but we inlude the proof here for the reader's onveniene. To that end, let
ψ ∈ D(A), and let ϕ ∈ D(E1) be arbitrary. Using (7), we get
〈E1ϕ|V ∗ψ〉 = 〈V E1ϕ|ψ〉 = 〈AV ϕ|ψ〉 = 〈ϕ|V ∗Aψ〉,
whih implies that V ∗ψ ∈ D(E∗1). Sine E1 is selfadjoint, V ∗ψ ∈ D(E1), so PHψ = V (V ∗ψ) ∈
V D(E1). But V D(E1) is ontained in D(A), beause D(E1) = D(AV ). Thus PHψ ∈ D(A),
proving the fat PHD(A) ⊂ D(A). In addition, the above alulation shows that V ∗D(A) ⊂
D(E1), and E1V
∗ψ = E∗1(V
∗ψ) = V ∗Aψ for all ψ ∈ D(A). Combining this with (7), we get
PHAψ = V V ∗Aψ = V (E1V ∗ψ) = V E1(V ∗ψ) = AV (V ∗ψ) = APHψ
for all ψ ∈ D(A). Consequently, PHA ⊂ APH. Sine A is selfadjoint, this implies that PH
ommutes with all the spetral projetions P (B) [31, pp. 320, 301℄. It follows that eah E(B)
is a projetion [27, Corollary 2.2.2.℄, so the proof is omplete. 
Remark. As mentioned before, the result appearing in part (b) of the above Proposition an
be found in the lassi book of Akhiezer and Glazman [1℄. The result seems to be somewhat well
known (see e.g. [30, 37℄, both of whih refer to the works of Akhiezer and Glazman). However,
the fat is given in a muh later work [21℄ without referene to [1℄ (though we have not been
able to onvine ourselves of their argumentation), and R. Werner [39, p. 796℄ only mentions
that it holds for normalized ompatly supported operator measures. Moreover, Ingarden [17,
p. 87℄ says that all the semispetral measures with the same selfadjoint rst moment A, have
varianes greater than or equal to that of the spetral measure of A. Part (b) of the above
Proposition gives more - it asserts that the minimum variane ours only in the ase of the
spetral measure of A. We note also that the proof given in [17, p. 87℄ onsiders only ompatly
supported semispetral measures, and ontains no referene to [1℄.
Now we get the following haraterization for projetion valued measures.
Theorem 5. Let E : B(R) → L(H) be a positive normalized operator measure, suh that
L˜(x, E) is selfadjoint. Then the following onditions are equivalent.
(i) E is a spetral measure;
(ii) L(x2, E) = L(x, E)2;
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(iii)
∫
x2dEϕ,ϕ = ‖L(x, E)ϕ‖2 for all ϕ ∈ D˜(x, E).
Proof. Sine L˜(x, E) is selfadjoint, it oinides with its symmetri extension L(x, E).
Assume that (i) holds. Then L˜(x2, E) = L˜(x, E)2 by a standard result of spetral theory.
Sine E is projetion valued, we have also L˜(x2, E) = L(x2, E), so (ii) holds.
Assume (ii). Then we have
(8)
∫
x2dEϕ,ϕ = ‖L(x, E)ϕ‖2
for all ϕ ∈ D(x2, E). In order to get (iii), we have to establish this identity for vetors in
the larger set D(x, E) = D˜(x, E). Let ϕ ∈ D˜(x, E) = D(x, E). Sine L(x, E) = L˜(x, E) is
selfadjoint, the losure of the restrition of L(x, E) to the domain of L(x, E)2 is L(x, E) itself
[11, p. 1245℄. Therefore, by (ii), we an pik a sequene (ϕn) of vetors in D(x
2, E), onverging
to ϕ, suh that (L(x, E)ϕn) onverges to L(x, E)ϕ. Sine ϕn ∈ D(x2, E) for eah n, (8) gives
that
lim
n
∫
x2dEϕn,ϕn = lim
n
‖L(x, E)ϕn‖2 = ‖L(x, E)ϕ‖2.
Sine |Eϕn,ϕn(B)−Eϕ,ϕ(B)| ≤ (‖ϕn‖+ ‖ϕ‖)‖E(R)‖‖ϕn − ϕ‖ for all n ∈ N and B ∈ B(R), the
sequene (Eϕ,ϕ(B)) onverges to Eϕ,ϕ(B) uniformly for B ∈ B(R), so the sequene (Eϕ,ϕ) of
positive measures onverges to Eϕ,ϕ in the total variation norm [10, p. 97℄. It follows by [22,
Lemma A.5℄ that
(9)
∫
x2dEϕ,ϕ ≤ ‖L(x, E)ϕ‖2, ϕ ∈ D(x, E).
It follows e.g. from the proof of Lemma A.2 of [22℄ (see [3, p. 65℄) that ‖L(x, E)ϕ‖2 ≤∫
x2dEϕ,ϕ for all ϕ ∈ D(x, E). Combining this with (9), we get (iii).
Beause (iii) implies (i) by the preeding Proposition, the proof is omplete. 
Referenes
[1℄ N. I. Akhiezer, I. M. Glazman, Theory of Linear Operators in Hilbert Spae, Volume II, Dover Publiations,
In., New York, 1993.
[2℄ S. K. Berberian, Notes on Spetral Theory, D. Van Nostrand Co., In., Prineton, 1966.
[3℄ R. Beukema, Positive operator-valued measures and phase spae representations, Tehnishe Universiteit
Eindhoven, 2003.
[4℄ P. Bush, M. Grabowski, P. J. Lahti, Operational Quantum Physis , Springer, Berlin, 1995.
[5℄ G. Cassinelli, E. De Vito, P. J. Lahti, A. Levrero; The Theory of Symmetry Ations in Quantum Mehanis
With an Appliation to the Galilei Group, Springer, Berlin, 2004.
[6℄ G. Cassinelli, E. De Vito, A. Toigo, Positive operator valued measures ovariant with respet to an irre-
duible representation, J. Math. Phys. 44 4768-4775 (2003).
[7℄ E. B. Davies, Quantum Theory of Open Systems, Aademi Press, London, 1976.
[8℄ D. A. Dubin, M. A. Hennings, P. Lahti, J.-P. Pellonpää, On representing observables in quantum mehanis,
J. Phys. A: Math. Gen. 35 9113-9121 (2002).
[9℄ D. A. Dubin, M. A. Hennings, T. B. Smith, Mathematial Aspets of Weyl Quantization and Phase, World
Sienti, Singapore, 2000.
[10℄ N. Dunford, J. T. Shwartz, Linear Operators, Part I: General Theory, Intersiene Publishers, New York,
1958.
[11℄ N. Dunford, J. T. Shwartz, Linear Operators, Part II: Spetral Theory, Intersiene Publishers, New York,
1964.
19
[12℄ A. Dvureenskij, P. Lahti, K. Ylinen, Positive operator measures determined by their moment sequenes,
Rep. Math. Phys. 45 139-146 (2000).
[13℄ A. Dvureenskij, P. Lahti, K. Ylinen, The uniqueness question in the multidimensional moment problem
with appliations to phase spae observables, Rep. Math. Phys. 50 55-68 (2002).
[14℄ B.-G. Englert, K. Wódkiewiz, Intrinsi and operational observables in quantum mehanis, Phys. Rev. A
51, R2661 (1995).
[15℄ G. B. Folland, Harmoni Analysis in Phase Spae, Prineton University Press, Prineton, New York 1989.
[16℄ A. S. Holevo, Statistial Struture of Quantum Theory, Springer, Berlin, 2001.
[17℄ R. S. Ingarden, Information Theory and Thermodynamis, Institute of Physis, Niholas Copernius Uni-
versity, Preprint No 275, Poland, 1974.
[18℄ J. Kiukas, P. Lahti, K. Ylinen, Moment operators of the Cartesian margins of the phase spae observables,
J. Math. Phys. 46 042107 (2005).
[19℄ J. Kiukas, P. Lahti, K. Ylinen, Normal ovariant quantization maps, J. Math. Anal. Appl., in press.
[20℄ I. Kluva«ek, G. Knowles, Vetor Measures and Control Systems, North-Holland, Amsterdam, 1975.
[21℄ P. Kruszy«ski, W. M. de Muynk, Compatibility of observables represented by positive operator-valued
measures, J. Math. Phys. 28 1761-1763 (1987)
[22℄ P. Lahti, M. Mazy«ski, K. Ylinen, The moment operators of phase spae observables and their number
margins, Rep. Math. Phys. 41 319-331 (1998).
[23℄ P. Lahti, J.-P. Pellonpää, Covariant phase observables in quantum mehanis, J. Math. Phys. 40 4688-4698
(1999).
[24℄ P. Lahti, J.-P. Pellonpää, K. Ylinen, Operator integrals and phase spae observables, J. Math. Phys. 40
2181-2189 (1999).
[25℄ P. Lahti, J.-P. Pellonpää, K. Ylinen, Two questions on quantum probability, Phys. Lett. A 339 18-22 (2005).
[26℄ P. Lahti, S. Pulmannová, Coexistent observables and eets in quantum mehanis, Rep. Math. Phys. 39
339-351 (1997).
[27℄ P. Lahti, K. Ylinen, Dilations of positive operator measures and bimeasures related to quantum mehanis,
Math. Slovaa 54 169-189 (2004).
[28℄ N. P. Landsman, Mathematial Topis Between Classial and Quantum Mehanis, Springer-Verlag, New
York, 1998.
[29℄ G. Ludwig, Foundations of Quantum Mehanis, Springer-Verlag, Berlin, 1983.
[30℄ R. MKelvey, The spetra of minimal self-adjoint extensions of a symmetri operator, Pai J. Math. 12
1003-1022 (1962).
[31℄ F. Riesz, B. Sz.-Nagy, Funtional Analysis, Dover Publiations, New York, 1990.
[32℄ F. E. Shroek, Jr., Quantum Mehanis on Phase Spae, Kluwer Aademi Publishers, Dordreht, 1996.
[33℄ W. Stulpe, Classial Representations of Quantum Mehanis Related to Statistially Complete Observables,
Wissenshaft und Tehnik Verlag, Berlin, 1997.
[34℄ F. H. Szafranie, Subnormality in the Quantum Harmoni Osillator, Commun. Math. Phys. 210, 323-334
(2000).
[35℄ W. Thirring, Quantum Mathematial Physis, Springer-Verlag, Berlin, 2002.
[36℄ A. Voros, An algebra of pseudodierential operators and the asymptotis of quantum mehanis, J. Funt.
Anal. 29 104-132 (1978).
[37℄ K. K. Wan, R. H. Fountain, Z. Y. Tao, Observables, maximal symmetri operators and POV measures in
quantum mehanis, J. Phys. A: Math. Gen. 28 2379-2393 (1995).
[38℄ R. Werner, Quantum harmoni analysis on phase spae, J. Math. Phys. 25 1404-1411 (1984).
[39℄ R. Werner, Sreen observables in relativisti and nonrelativisti quantum mehanis, J. Math. Phys. 27
793-803 (1986).
[40℄ M. W. Wong, Wavelet Transforms and Loalization Operators, Birkhäuser, Berlin, 2002.
[41℄ K. Ylinen, On vetor bimeasures, Ann. Mat. pura Appl. 117 115-138 (1978).
20
Jukka Kiukas, Department of Physis, University of Turku, FIN-20014 Turku, Finland
E-mail address : jukka.kiukasutu.fi
Pekka Lahti, Department of Physis, University of Turku, FIN-20014 Turku, Finland
E-mail address : pekka.lahtiutu.fi
Kari Ylinen, Department of Mathematis, University of Turku, FIN-20014 Turku, Finland
E-mail address : kari.ylinenutu.fi
21
